Abstract. We prove the Weak Lefschetz theorem for simplicial PL-spheres. This result is weaker than the Hard Lefschetz theorem for more general spheres proved by Adiprasito [1], but the proof here involves simple algebra and avoids the more complicated combinatorics.
Introduction.
Hard Lefschetz theorem for simplicial polytopes was proved by Stanley [10] in order to verify one half of McMullen's g-conjecture [6] . The other half of the conjecture was proved by Billera and Lee [3] . McMullen [7] later gave a combinatorial proof of the Hard Lefschetz theorem. His proof involves simplifying the polytope by a sequence of elementary steps called bistellar flips.
Extending the g-conjecture from simplicial polytopes to more general simplicial spheres has been an active research area. For the g-conjecture, one does not need the full Hard Lefschetz theorem, the Weak Lefschetz theorem is enough. Following McMullen's proof, it is natural to ask if the Weak Lefschetz property holds across a flip. This is known for all flips except the middle degree flip for even dimensional spheres (see the article by Swartz [12] for this and other related results).
Adiprasito [1] proved the Hard Lefschetz theorem for general spheres. His proof does not use flips, replacing them with generalizations of vertex deletions. Vertex deletions and the related vertex decomposable simplicial complexes were originally studied by Billera and Provan [9] . The current article grew out of an attempt to see if vertex deletions can be used to prove that the Weak Lefschetz property holds across a flip. This is indeed true. We define a slightly stronger version of the Weak Lefschetz property and show that if ∆ ∆ is a flip then the stronger Weak Lefschetz property for ∆ implies the same for ∆, provided that the link of a vertex v in ∆ also satisfies this stronger Weak Lefschetz property. The main step involves proving Weak Lefschetz across a vertex deletion as in [1] , or equivalently, across an edge contraction proved earlier by Murai [8] .
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In the rest of the introduction we describe the main result and the steps in its proof.
We work over the real numbers R, but all results below apply over any infinite field. Let ∆ be a simplicial (n−1)-sphere. By this we mean a simplicial complex of dimension n−1 that is a generalized homology sphere. Let A(∆) be its Stanley-Reisner ring, and H(∆) the ring A(∆) modulo the ideal generated by degree 1 elements θ 1 , . . . , θ n . An element l ∈ A 1 (∆) acts on H(∆) by multiplication. Definition 1.1. We say that a simplicial (n − 1)-sphere ∆ has the Weak Lefschetz (WL) property if for some choice of θ 1 , . . . , θ n , l ∈ A 1 (∆) (equivalently, for a general choice), the quotient
H(∆)/lH(∆)
is zero in degrees d > n 2 .
The main result we prove is: Theorem 1.2. All PL-spheres have the WL property.
One can also define the WL property for simplicial (n − 1)-disks. These are (n − 1)-dimensional simplicial complexes that are generalized homology disks. For such a disk, the cohomology H(∆) does not satisfy Poincaré duality. However, there is a dualizing module A(∆, ∂∆) ⊂ A(∆) and the corresponding quotient H(∆, ∂∆) = A(∆, ∂∆)/(θ 1 , . . . , θ n )A(∆, ∂∆).
(1) We say that ∆ satisfies WL if for some choice of θ 1 , . . . , θ n , l ∈ A 1 (∆), the quotient H(∆)/lH(∆, ∂∆) is zero in degrees d > n/2. (2) We say that ∆ satisfies WL' if for some choice of θ 1 , . . . , θ n ∈ A 1 (∆), the quotient
We will show below that WL implies WL' for even dimensional disks. For odd dimensional disks, one does not directly imply the other.
We consider two ways to relate simplicial disks to simplicial spheres. First, the boundary of an n-disk is an (n − 1)-sphere. Second, one may complete an n-disk ∆ to an n-sphere ∆ by adding to ∆ the cone over the boundary ∂∆. If C(∆) is the cone over ∆ then ∂C(∆) = ∆. The Weak Lefschetz properties relate as follows: Theorem 1.4. Let ∆ be a simplicial disk.
(1) ∆ satisfies WL iff C(∆) satisfies WL'. (2) ∆ satisfies WL' iff ∂∆ satisfies WL. (3) ∆ satisfies WL iff ∆ satisfies WL.
Next we recall some results of Murai [8] and Adiprasito [1] . We state these for the Weak Lefschetz property instead of the Hard Lefschetz property which is actually proved. Murai considers the operation between simplicial spheres ∆ → ∆ that contracts an edge τ ∈ ∆, and proves that if ∆ and Link τ satisfy WL then so does ∆. Adiprasito, in the motivating example for his proof of the general case, studies vertex deletions of simplicial disks. A vertex deletion removes from an n-disk ∆ the open star of a vertex v so that the remaining complex ∆ is still a disk. Then, if ∆ and ∂ Link v satisfy WL, so does ∆.
The two statements, that the WL property holds across an edge contraction and a vertex deletion, are in fact equivalent. Indeed, given a vertex deletion ∆ → ∆ , we may complete the two disks to get an edge contraction between spheres ∆ → ∆ , and then apply Theorem 1.4 (3). The fact that the WL property holds across a vertex deletion will be the main ingredient in our proof.
Let us now specialize to PL-spheres. These are (n − 1)-spheres that are boundaries of shellable n-disks. Shellable disks are built by adding one maximal cone at a time. Adding a cone changes the boundary of the disk by a bistellar flip. Another way to perform such a bistellar flip is by the inverse operation of a vertex deletion, namely by adding to the n-disk ∆ the cone over an (n − 1)-disk D on the boundary of ∆. It follows that vertex decomposable disks (by this we mean disks that can be simplified to a simplex using vertex deletions) contain all PL-spheres as their boundaries.
The idea of the proof of the main theorem is to use the WL property for vertex decomposable disks and Theorem 1.4 (2) to conclude that the boundaries of such disks, which include all PL spheres, satisfy WL. The problem is that the two proofs mentioned above show that vertex decomposable disks satisfy the property WL, not the property WL' that is needed in Theorem 1.4 (2). However, this argument does prove the WL property for all odd dimensional PL spheres because for even dimensional disks WL implies WL'. (We are ignoring here the WL condition that must be satisfies by the lower dimensional spheres ∂ Link v at every vertex deletion. These need to be dealt with by induction on dimension.)
To prove the remaining case of even dimensional spheres, consider now a (2m − 1)-disk ∆. We wish to prove that it satisfies WL', hence ∂∆ satisfies WL. Let S(∆) be the suspension of ∆; this is a 2m-disk with boundary S(∂∆).
We relate WL' for ∆ to WL for S(∆). To do this we need to choose a nongeneric system of linear parameters. Let θ 1 , . . . , θ 2m+1 ∈ A 1 (S(∆)) be general elements such that the piecewise linear map they define S(∆) → R 2m+1 takes the two new vertices of the suspension to colinear vectors. Theorem 1.5. Let ∆ be a simplicial (2m − 1)-disk. Then ∆ satisfies WL' if S(∆) satisfies WL with respect to θ 1 , . . . , θ 2m+1 chosen above and some l.
The previous theorem can be used to prove the WL property for the remaining case of even dimensional PL-spheres. Let ∆ be a (2m − 1)-disk with boundary a PL-sphere. Suppose we have a sequence of vertex deletions
where each step realizes a bistellar flip of the boundary. We can lift these vertex deletions to vertex deletions
Even though θ i here are chosen non-generically, the WL property holds across these vertex deletions. If S(∆ k ) satisfies WL then so does S(∆). Theorem 1.5 now implies that ∆ satisfies WL' and hence ∂∆ satisfies WL. The sequence of steps described above does not prove the Hard Lefschetz property for PL-spheres. It proves a weaker version of Hard Lefschetz. Definition 1.6. Let ∆ be a simplicial (n − 1)-sphere or an (n − 1)-disk. In the case of a sphere, ∂∆ = ∅ and H(∆, ∂∆) = H(∆).
(1) We say that ∆ satisfies HL if for some choice of θ 1 , . . . , θ n , l ∈ A 1 (∆),
is an isomorphism for every k < n 2 . (2) We say that ∆ satisfies wHL if for some choice of
is an isomorphism for every k < n 2
.
It does not matter in the definition if we choose θ i and l j different for different k or the same. Clearly, HL implies wHL, and wHL implies WL. The properties wHL and WL are in fact equivalent if we consider them in all dimensions:
be the i-fold cone over ∆. The following are equivalent
Theorem 1.7 and Theorem 1.2 imply wHL for all PL-spheres.
In the next two sections we will recall the terminology of simplicial fans and the Stanley-Reisner rings of fans. In Section 4 we describe various Lefschetz properties and relations between them. Section 5 considers vertex deletions and proves the main theorem.
Fans.
We will switch from the terminology of simplicial complexes to simplicial fans. A simplicial fan contains the same information as a simplicial complex, we replace each simplex with the cone over the simplex (with the same vertex 0). The dimension of a fan is one greater than the dimension of the simplicial complex.
We will only consider fans over simplicial spheres and simplicial disks. Fans over simplicial spheres are called Gorenstein. In [2] , fans over generalized homology spheres and disks were commonly called quasiconvex. We will state most results for quasiconvex fans. Gorenstein fans are a special case with empty boundary.
A (simplicial) fan ∆ is a finite set of cones over simplicies that satisfy the usual face and intersection properties. One-dimensional cones are called rays. The set of cones in a fan forms a poset, ordered by inclusion. For a cone ρ ∈ ∆ define the open star Star
the closed star
the link Link ρ = {τ ∈ Star ρ|τ ∩ ρ = 0}, and the fan generated by a ρ
2.1. Fans over PL-spheres. Two fans are PL-isomorphic if they have a common subdivision. A fan is called a fan over a PL-sphere if it is PL-isomorphic to a fixed fan, say the boundary fan of a cone. It is known that two fans are PL-isomorphic if and only if they can be connected by a sequence of elementary operations, for example by flips, or by star subdivisions and their inverses. We will be working with flips, but the proofs below also apply to star subdivisions.
Given two quasiconvex fans ∆ 1 and ∆ 2 of dimension n, and a quasiconvex fan D of dimension n − 1 that lies in both ∂∆ 1 and ∂∆ 2 , one can glue ∆ 1 and ∆ 2 along D to get a new quasiconvex fan
Conversely, one can start with a quasiconvex fan ∆ and decompose it into a union of two quasiconvex fans ∆ 1 and ∆ 2 . We will consider two such decompositions, one by shelling and the other one by vertex deletion.
A shelling step decomposes a quasiconvex fan ∆ as
where σ is a maximal cone in ∆ and D is quasiconvex subfan of ∂σ. Given a shelling step ∆ → ∆ , the boundaries ∂∆ and ∂∆ differ by a flip. The flip replaces a subfan Star τ ⊆ ∂∆ with a subfan Star τ ⊆ ∂∆ . Here the cones τ and τ are such that Star τ = D and Star
Any two PL-isomorphic Gorenstein fans can be connected by a sequence of flips. A quasiconvex fan is called shellable if it can be simplified by a sequence of shelling steps to a fan [σ] (or to an empty fan by removing this last cone). It follows that fans over PL-spheres are precisely the boundaries of shellable quasiconvex fans.
The second decomposition we consider is a vertex deletion. A vertex deletion decomposes a quasiconvex fan ∆ as
where ρ ∈ ∆ is a ray, D is a quasiconvex subfan of ∂∆ , and
A vertex deletion has the following effect on the boundaries. It replaces the subfan Star ρ ⊆ ∂∆ with the subfan D ⊆ ∂∆ . This operation may not preserve the PL-isomorphism class of the boundary. The following lemma says that vertex deletions are more general than shelling steps. Every flip can be realized by a vertex deletion. 
is as required. Here ρ is a new ray that is deleted when going from ∆ to ∆ .
Cohomology of fans.
In this section we recall the definition of the Stanley-Reisner ring and cohomology of simplicial fans. The standard reference for the theory of StanleyReisner rings is [11] . For more recent results see also [12] . The notation of piecewise polynomial functions on fans that we use here follows [5, 2, 4] . Let ∆ be an n-dimensional fan and let θ 1 , . . . , θ m ∈ A 1 (∆). These elements define a map θ : ∆ → R m that is linear on each cone. We call θ an immersion if the map is injective on each cone. Note that if m ≥ n then a general choice of θ defines and immersion.
Let A = R[x 1 , . . . , x m ] be the ring of polynomial functions on R m . A piecewise linear map θ : ∆ → R m gives A(∆) and A(∆, ∂∆) the structure of graded A-modules. If m = n and the fan is quasiconvex then both of these modules are free. We let m = (x 1 , x 2 , . . . , x m ) ⊂ A be the maximal homogeneous ideal and define the cohomology:
Note that the cohomology spaces depend on θ. In the following, when talking about the cohomology of a fan, we will assume that an immersion θ : ∆ → R dim ∆ has been fixed.
3.2.
Generators. The space H(∆) is a graded R-algebra. In fact, the algebras A(∆) and H(∆) are standard graded, which means that their degree 0 part is R and they are generated by elements of degree 1. For each ray ρ ∈ ∆ choose a nonzero χ ρ ∈ A 1 (∆) that is supported on Star ρ. Such elements are determined up to a constant multiple. For an arbitrary cone σ ∈ ∆, let
Elements χ ρ over all rays generate A(∆) and H(∆) as R-algebras. In fact, A(∆) is the Stanley-Reisner ring: it is isomorphic to R[χ ρ 1 , . . . , χ ρ N ] modulo the ideal generated by monomials i∈I χ ρ i where {ρ i } i∈I do not all lie in a cone of ∆.
3.3. Poincaré duality. Let ∆ be a quasiconvex fan of dimension n with a fixed immersion into R n . There is a nondegenerate bilinear pairing for every i, defined by multiplication of functions:
The pairing was defined in [5] for complete fans. The generalization to quasiconvex fans and immersions is straightforward.
3.4. Products of fans. Consider the product of two quasiconvex fans ∆ 1 × ∆ 2 . The product is again quasiconvex with boundary
We can pull back piecewise polynomial functions from the two factors to the product. These pullback maps induce isomorphisms
The first of these is an isomorphism of R-algebras, the other two are isomorphism of modules over these algebras. An immersion of ∆ i in R n i for i = 1, 2 gives an immersion of their product in
With cohomologies defined by these immersions, the three modules above are free A-modules and we have isomorphisms
These isomorphisms in fact hold for more general immersions that we describe next.
Consider an immersion θ :
We use these immersions of ∆ 1 and ∆ 2 to define their cohomologies. The isomorphisms (1) -(3) above hold for these more general immersions θ. These are now isomorphisms of H(∆ 2 )-modules.
This type of "skew" product defined above appears naturally in the following situation. Let ∆ be an n-dimensional quasiconvex fan with an immersion into R n , and let τ ∈ ∆ be a cone. Then
and the immersion of Star τ into R n is as described above. The fan ∆ 1 = [τ ] maps to a subspace of dimension dim τ of R n , but ∆ 2 = Link τ in general does not map to a subspace of dimension dim Link τ . Instead, we define the cohomology of Link τ using the immersion Link τ → R n / Span τ .
Since H([τ ]) = R, pullback defines canonical isomorphisms
These isomorphisms are isomorphisms of H(Link τ )-modules defined by pulling back functions. Since the Poincaré pairing is defined by multiplication of functions, we get that the pairings on Star τ and on Link τ are the same. In other words, the following diagram is commutative, with vertical maps isomorphisms.
χτ χτ
Lefschetz properties
In this section we recall the Lefschetz properties and describe relations between them. We will state all results for quasiconvex fans. Gorenstein fans are special cases of these with empty boundary. 4.1. Properties WL and WL'. The following combines two definitions from the introduction. Definition 4.1. Let ∆ be a quasiconvex fan of dimension n.
(1) We say that ∆ satisfies WL if the quotient
for some choice of θ 1 , . . . , θ n , l ∈ A 1 (∆). (2) We say that ∆ satisfies WL' if the quotient
for some choice of θ 1 , . . . , θ n ∈ A 1 (∆).
Lemma 4.2. Let ∆ be a quasiconvex fan of dimension n.
(1) Vanishing of the quotients in Definition 4.1 holds iff it holds in the smallest required degree, which is d = Proof. The quotients in the definition of WL and WL' are quotients of a ring by an ideal. Since the ring is generated in degree 1, so is the quotient ring.
Hence if the quotient vanishes in one degree, it vanishes in all higher degrees. When n = 2m − 1, consider the sequence of maps
Condition WL is equivalent to the composition being surjective. Condition WL' is equivalent to the right arrow being surjective.
If ∂∆ = ∅ then the element l in the definition of WL has no special meaning compared to θ i . The property WL only depends on the (n + 1)-dimensional subspace
This is equivalent to giving a piecewise linear map from ∆ to a vector space V R n+1 .
If ∂∆ = ∅ then l does not have the same meaning as θ i . But since A(∆, ∂∆) ⊆ A(∆), the quotient in the definition of WL does not change if we change l by a linear combination of θ i . Thus, the property WL depends on the filtration by subspaces
This is equivalent to giving a piecewise linear map from ∆ to V R n+1 and a projection V → W R n . We can combine these two pieces of data as follows.
Let ρ be a 1-dimensional cone. Then the property WL depends on a piecewise
Here the projection is V → V / Span ρ.
The property WL' depends only on a piecewise linear map ∆ → W R n .
Let us now prove a more precise version of Theorem 1.4. Proof. To prove part (1) let us consider WL' for Π = ∆ × [ρ]. We have
H(Π)/H(Π, ∂Π) H(∆)/lH(∆, ∂∆).

Vanishing of these quotients in degrees
is WL' for Π and WL for ∆. For part (2) , since A(∆)/A(∆, ∂∆) = A(∂∆), we get that
Vanishing of these quotients in degrees d ≥ n 2 is WL' for ∆ and WL for ∂∆. Part (3) follows from (1) and (2).
Weak form of the Hard Lefschetz property.
Definition 4.4. Let ∆ be a quasiconvex fan of dimension n. We say that ∆ satisfies wHL if for any k < n 2 the quotient
is zero in degrees d ≥ n − k for some choice of θ 1 , . . . , θ n , l 1 , . . . , l n−2k ∈ A 1 (∆).
Similarly to WL, the dependence of wHL on θ i and l j is equivalent to an immersion of ∆ × [τ ] in R dim ∆+dim τ , where τ is a nonzero cone such that dim ∆ − dim τ = 2k is even. The following lemma is a more precise version of the equivalence between (1) and (2) 
Vanishing of the two quotients in degrees d ≥ n − k is WL' for Π and wHL in degree k for ∆.
4.3.
Proof of Theorem 1.5. Let ∆ be a quasiconvex fan of dimension 2m, and let Π 1 be the boundary fan of a 2-cone. We fix a special immersion
By Lemma 4.2, WL implies WL' for the odd dimensional fan ∆ × Π 1 with respect to the special immersion and arbitrary l. Theorem 1.5 now follows from the following lemma. 
The vertical arrows here are inclusions, defined by pulling back functions by the projection ∆ × Π 1 → ∆. The fact that these pullbacks are defined at the level of cohomology requires the immersion to be special. The condition WL' for ∆ × Π 1 is equivalent to l :
being surjective, which is equivalent to the dual map l :
This dual map is the top horizontal map in the diagram. Similarly, the condition WL' for ∆ is equivalent to the bottom horizontal map in the diagram being surjective, which is equivalent to it being an isomorphism. Clearly, if the top row is injective, then so is the bottom row.
For Gorenstein fans condition WL' is trivially true, hence Theorem 1.5 has no content for such fans. Even more can be said about Gorenstein fans:
Lemma 4.7. Let ∆ be a Gorenstein fan of dimension n. Then ∆×Π 1 satisfies WL with respect to the special immersion and general l if and only if it satisfies WL with respect to a general immersion and general l.
Proof. The property WL for the Gorenstein fan ∆ × Π 1 depends on the immersion ∆ × Π 1 → R n+2 , which can be viewed as the graph of l with respect to an immersion ∆ × Π 1 → R n+1 . For general l, the graph of l gives a general immersion into R n+2 even if the immersion into R n+1 is special.
Vertex deletions
Consider a vertex deletion ∆ → ∆ between quasiconvex n-dimensional fans,
Let us fix an immersion θ : ∆ → R n and an l ∈ A 1 (∆).
Theorem 5.1. Let ∆ → ∆ be a vertex deletion between quasiconvex fans of dimension n = 2m − 1. Assume that
(1) ∆ satisfies WL with respect to the immersion θ and l (both restricted to ∆ ). (2) The (n − 2)-dimensional Gorenstein fan ∂D satisfies WL with respect to the immersion into R n / Span ρ R n−1 .
Then ∆ satisfies WL with respect to the immersion θ and t 2 l + χ ρ for general t ∈ R.
For a general θ and l, the theorem follows from [1] and [8] . We give another proof using quadratic forms.
Lemma 5.2. Let Q 0 and Q 1 be two quadratic forms on a finite dimensional vector space V . Let K = ker Q 1 , and assume that Q 0 | K is nondegenerate. Then the quadratic form
is nondegenerate for general t.
Proof. The vector space V has the filtration 0 ⊆ K ⊆ V and the associated graded space gr
This form is nondegenerate, being a direct sum of nondegenerate forms.
We claim that t 2 Q 0 + Q 1 has a limit gr Q as t → 0. This implies that t 2 Q 0 + Q 1 is nondegenerate for general t.
Choose a splitting V V 0 ⊕ V 1 , and for t = 0 consider the isomorphism α t : V → V ,
Let now Q t be the form
It follows that Q t approaches gr Q as t → 0. For t = 0, Q t is isomorphic to t 2 Q 0 + Q 1 via the change of coordinates map α t .
Proof of Theorem 5.1. We need to show that
is an isomorphism for general t.
This quadratic form is nondegenerate if and only if the map
is an isomorphism. Thus, we need to show that the quadratic form Q t 2 l+χρ = t 2 Q l + Q χρ is nondegenerate for general t. Let Q 0 = Q l and Q 1 = Q χρ . We claim that K = ker Q 1 = H m (∆ , ∂∆ ). Since Q 0 is nondegenerate on H m (∆ , ∂∆ ) by assumption, the statement of the theorem follows from the lemma and the claim.
Let us compute the kernel K. We have an exact sequence
Since all modules here are free, we get an exact sequence of cohomology spaces
The form Q χρ contains H(∆ , ∂∆ ) in its kernel. It suffices to show that the induced form on the quotient H(Star ρ, Star ρ ∩ ∂∆) is nondegenerate. We state the next result for general immersions and l i . It is still weaker than the HL version that is proved in [1, 8] . We will not need it below. 5.1. Proof of Theorem 1.2. As before, let Π 1 be the boundary fan of a 2-cone. Let Π = Π 1 × Π 1 × · · · × Π 1 (a finite number of copies). For fans Γ over PL-spheres we will prove by induction on dim Γ that Γ × Π satisfies WL for any Π of this type.
Fix one such Γ of dimension n − 1 over a PL-sphere and a product Γ × Π. We may assume that Γ = ∂∆ and there is a sequence of vertex deletions ∆ = ∆ 0 → ∆ 1 → . . . → ∆ k such that the boundaries ∂∆ i are all PL-isomorphic and ∆ k = [σ]. This is true for example if each step realizes a flip of the boundary.
Consider the property WL for Γ × Π. Since Γ × Π = ∂(∆ × Π), by Theorem 1.4, this is equivalent to WL' for ∆ × Π. When dim ∆ × Π is odd then this follows from WL for ∆ × Π by Lemma 4.2. When dim ∆ × Π is even then by Theorem 1.5 this follows from WL for ∆ × Π × Π 1 , where the immersion on the factor Π 1 is special. We will prove that WL holds for ∆ × Π × Π 1 and the special immersion. The other case can be proved similarly.
Let us prove by descending induction on i that the fan ∆ i × Π × Π 1 of odd dimension satisfies WL with respect to the special immersion on the factor Π 1 .
The base case i = k has ∆ k = [σ]. By Lemma 4.3, WL for ∆ k × Π × Π 1 is equivalent to WL for ∆ k × Π × Π 1 , again with special immersion on the Π 1 factor. We can choose an even more special immersion that is the product of immersions on each factor, and such that ∆ k × Π × Π 1 is the fan over the boundary of a simplicial polytope. For such fans WL follows from [10] .
For the induction step we consider the vertex deletion
In Theorem 5.1, assumption (1) is the induction assumption. We need to check assumption (2) , that ∂ Link ρ i = ∂D i × Π × Π 1 satisfies WL. Here ∂D i is an (n − 2)-dimensional fan over a PL-sphere (the link of ρ i in ∂∆ i ). By induction on dimension, we may assume that ∂D i × Π × Π 1 satisfies WL with respect to a general immersion. Now by Lemma 4.7, WL holds for ∂D i × Π × Π 1 with respect to the special immersion.
This finishes the proof of Theorem 1. Proof. Let ∆ = Γ × [ρ 0 ] for a new ray ρ 0 . This is a quasiconvex fan with ∂∆ = Γ . We use Lemma 2.1 to construct a vertex deletion ∆ → ∆ such that ∂∆ = Γ and ∂D = Link ρ ⊆ Γ. Then the argument in the proof above applies to this vertex deletion.
The fans in the corollary don't have to be over PL-spheres. The corollary explains how the Weak Lefschetz property carries across a flip.
